The temperature dependence of magnetization in Pr6Ni2Si3 and Pr5Ni2Si3 compounds has been studied with the objective of providing a theoretical understanding of the behavior of the magnetic properties of the material. The ternary Pr-Ni-Si system contains the homologous series of compounds R(n+2)(n+1)Nin(n−1)+2Sin(n+1), where R is a rare earth element which provides a range of materials with different but related structures. The crystal structures and unit cells of Pr6Ni2Si3 (n=2) and Pr5Ni2Si3 (n=3) compounds are closely related consisting of an overall hexagonal structure comprising trigonal columns of atoms, in which the only difference is in the size of the triangular base of the column which depends directly on the chemical composition, specifically the index n. The calculations were based on a nearest neighbor exchange interaction approximation under two kinds of conditions: collinear and noncollinear magnetic structures. The results of these calculations show the Curie temperature, but do not yet predict quantitatively the spin reorientation transition at lower temperatures. The temperature dependence of magnetization in Pr 6 Ni 2 Si 3 and Pr 5 Ni 2 Si 3 compounds has been studied with the objective of providing a theoretical understanding of the behavior of the magnetic properties of the material. The ternary Pr-Ni-Si system contains the homologous series of compounds R ͑n+2͒͑n+1͒ Ni n͑n−1͒+2 Si n͑n+1͒ , where R is a rare earth element which provides a range of materials with different but related structures. The crystal structures and unit cells of Pr 6 Ni 2 Si 3 ͑n =2͒ and Pr 5 Ni 2 Si 3 ͑n =3͒ compounds are closely related consisting of an overall hexagonal structure comprising trigonal columns of atoms, in which the only difference is in the size of the triangular base of the column which depends directly on the chemical composition, specifically the index n. The calculations were based on a nearest neighbor exchange interaction approximation under two kinds of conditions: collinear and noncollinear magnetic structures. The results of these calculations show the Curie temperature, but do not yet predict quantitatively the spin reorientation transition at lower temperatures.
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I. INTRODUCTION
A "model system" in materials science needs to satisfy at least three conditions: ͑1͒ the system must be simple enough that there are only a few dominant factors which influence the physical property to be studied or predicted, ͑2͒ the factors ͑such as composition, crystal structure, temperature, pressure, or exchange interaction͒ that are ultimately responsible for the physical phenomena can be controlled in a well defined way so that their effects can be studied independently, and ͑3͒ the predictions obtained from the model system should be testable. To be useful the results should be applicable to other related cases. In this respect the Pr-Ni-Si alloy system can serve as a model system for the study of structure/property relationships in magnetic materials.
The ternary Pr-Ni-Si alloy system is one member of a more general system of alloys and compounds which form a homologous series of the type R ͑n+2͒͑n+1͒ Ni n͑n−1͒+2 Si n͑n+1͒ , where R is a rare earth element. Pr-Ni-Si provides a range of materials with different structures as described by Rogl. 1 Overall the alloy system exhibits a hexagonal crystal structure formed of subassemblies of trigonal prismatic columns. The number of smaller triangular arrays that fits along each side to form the basal plane of the larger trigonal prism of the unit cell is determined by the value of n in the chemical formula. Identifiable compounds "Pr 6 Ni 2 Si 3 " ͑n =2͒, "Pr 5 Ni 2 Si 3 " ͑n =3͒, and "Pr 15 Ni 7 Si 10 " ͑n =4͒ have been prepared and are members of this series.
The trigonal prisms containing the local arrays of Pr atoms can be considered as "magnetic clusters." The size of these clusters can be controlled by selection of the chemical composition. As the chemical composition changes ͑and hence the size of the magnetic clusters changes͒, the number of nearest neighbors ͑and hence the exchange interactions͒ for each Pr atom site also changes systematically. Therefore the physical properties vary systematically from one member of the series to the next.
Experimental results on the magnetic properties of Pr 5 
II. THEORETICAL BASIS FOR MODEL CALCULATIONS
In order to calculate the expected variation of magnetization with temperature ͑M vs T͒ in Pr-Ni-Si single crystal, the exchange interaction energy for each atomic site was determined using a nearest neighbor exchange interaction approximation. For this calculation, the following were assumed:
͑1͒ Only the Pr atoms have a magnetic moment and therefore only these atoms contribute to magnetization. ͑2͒ The magnetic moment per Pr atom is 3.58 B .
͑3͒
The exchange interaction exists only between the nearest neighbors, which is expressed in terms of the exchange energy according to the following equation:
where J NN is the exchange interaction coefficient between nearest neighbors and J i and J j are the total angular momentum at the ith and jth sites, respectively.
A. Pr 6 Ni 2 Si 3
For the purposes of calculation the arrangement of Pr atoms in the crystal structure was transformed into an orthogonal coordinate system as shown in Fig. 2͑a͒ , from which the distances between various Pr atom pairs were calculated. The results show that the distances vary between the different types of Pr atom pairs. The Pr atoms less than 0.5 nm apart were selected as "nearest neighbors" for the purposes of these calculations. The specific atomic position and the distances of nearest neighbors from each type of Pr atom are shown in Table I . The Pr atoms in the triangular base plane of the columnar structure of Pr 6 Ni 2 Si 3 compound can be classified into two groups depending on the number of nearest neighbors that they have among Pr atoms. It can be shown that Pr atoms along the edges of the triangular plane have ten nearest neighbors and those at the corners of the triangular plane have 12 nearest neighbors. The arrangement of Pr atoms in the base plane of the Pr 6 Ni 2 Si 3 compound is shown in Fig. 2͑b͒ . The three-dimensional arrangement of nearest neighbor Pr atoms is shown in Fig. 3 for ͑a͒ "edge" and ͑b͒ "corner" atoms.
The average exchange interaction energy between nearest neighbors was calculated based on the experimentally measured Curie temperature ͑T C =40 K͒, 
where E ex triangle is the total exchange energy for each triangular base plane in the unit cell, such as the one shown in Fig. 2͑b͒. This energy corresponds to 18k B T C , the thermal energy that six Pr atoms in the triangular base plane have at the Curie temperature in order to cause the transition from a ferromagnetic to a paramagnetic state ͑6 Pr atomsϫ 3k B T C ͒. Since the effective magnetic field that each atom experiences depends on the number of nearest neighbors for each site, the effective magnetic field for each atomic site can be expressed as
where H eff site is the exchange field for each site and ␣ site is the mean field coefficient for each site. Assuming that the exchange field can be rewritten in the form H eff site = ␣ site M, the total magnetic moment per triangular base plane can be expressed as the vector sum of all the edge ͑e͒ and corner or apex ͑a͒ moments in the base plane,
where m e is the sum of magnetic moments of the three Pr atoms located on the edges in the trigonal base plane, m a is the sum of magnetic moments of the three Pr atoms located on the corners in the trigonal base plane, and B J ͑x͒ is the Brillouin function,
ͪ.
͑5͒

B. Pr 5 Ni 2 Si 3
Calculations for the Pr 5 Ni 2 Si 3 compound have been performed in two different ways based on two different assumptions: ͑a͒ collinear alignment and ͑b͒ noncollinear alignment of magnetic moments. The calculation procedure for collinear magnetic moments is analogous to that for the Pr 6 Ni 2 Si 3 compound, although the structure of Pr 5 Ni 2 Si 3 is more complicated than Pr 6 Ni 2 Si 3 . The Pr atoms in the triangular base plane of the columnar structure of Pr 5 Ni 2 Si 3 ͑n =3͒ compound were classified into three groups, corner ͑or apex͒ a, edge e, and center c depending on the number of nearest neighbor Pr atoms.
For the purposes of calculation the arrangement of Pr atoms in the crystal structure was transformed into an orthogonal coordinate system as shown in Fig. 4͑a͒ , from which the distances between various Pr atom pairs were calculated. Pr atoms at the center sites of the triangular plane have eight nearest neighbors, those along the edges of the triangular plane have ten nearest neighbors, and those at the corners of the triangular plane have 12 nearest neighbors. This is shown in Figs. 4͑a͒ and 4͑b͒ . Figure 5 and Table II show the atomic arrangement and distances of each type of Pr atom from the nearest neighbors, respectively.
Collinear alignment
The exchange interaction energy is calculated from the equation 
where is the angle between magnetic moments at ith and jth sites. The total exchange interaction energy per unit triangular plane can be obtained using the measured Curie temperature ͑T C ͒,
Based on this equation the magnetization versus temperature curve ͑M vs T͒ was calculated following the same method as in the Pr 6 Ni 2 Si 3 case. It should be noted that the exchange energy for each atom depends on its location in the triangular plane because of the different numbers of nearest neighbors. This means that different Pr atoms in the triangular base plane will have their magnetic moments held in their orientations with different energies depending on their location in the plane.
Noncollinear alignment
The calculation for noncollinear magnetic moments is significantly more complicated than for collinear moments.
In order to perform this calculation the Pr atoms in the lattice need to be classified into four separate groups, although the number of nearest neighbor Pr atoms per site remains the same as for the collinear case. According to neutron diffraction data, 8 the component of the magnetic moment of the corner Pr atom along the c axis is 0.72 B , which can be interpreted to mean that the magnetic moments of the corner atoms are tilted 78°away from the c axis. From this the angles between the magnetic moments for each Pr site were calculated and these were then included in the subsequent calculation of the exchange interaction energy using Eq. ͑6͒ above.
Considering these noncollinear effects on the exchange interaction energy, the edge atoms can be further classified into two subgroups based on the fact that the angle between magnetic moments of "edge-corner" atom pairs is different than that of "edge-edge" atom pairs, and that "edge ͑A͒" and "edge ͑B͒" atoms have different combinations of nearest neighbor Pr atoms. For edge ͑A͒ type there are eight edge/ one center/one corner nearest neighbor atoms while for edge ͑B͒ type there are six edge/one center/three corner nearest neighbor atoms. Therefore for the noncollinear calculation the contribution to total exchange energy for each atom is not a simple linear function of the number of nearest neighbors for each site, but a more complicated function of two variables, N ͑the number of nearest neighbors͒ and ͑the relative angle of orientation between neighboring pairs͒. Figure 5 and Table II were used to determine how many nearest neighbor atoms should be used in the calculation. The total exchange interaction energy per triangular base plane was then calculated as follows:
III. RESULTS AND DISCUSSIONS
A. Pr 6 Ni 2 Si 3
The calculated magnetization versus temperature ͑M vs T͒ curves for each type of Pr atom as well as the total resultant magnetic moment for Pr 6 Ni 2 Si 3 are shown in Fig. 6 . The magnetization curve for each type of Pr atom in the triangular base plane has been presented in terms of normalized magnetization compared with the total magnetization. The calculated M vs T curve for each type of Pr atom is indicated with green ͑corner͒ and blue ͑edge͒ symbols and the total magnetization curve with black symbols. All curves show a monotonic decrease of M with T over the entire range of temperature and a Curie temperature of 40 K which is consistent with the experimentally measured value. However, the rate of decrease in magnetization with temperature is different for each type of Pr atoms. Magnetization for edge atoms decreases faster with temperature than for corner atoms. This is due to the difference in number of nearest neighbor exchange interactions for the two different types of Pr atom, ten for edge atoms and 12 for corner atoms, thus making a difference in the exchange field ͑H eff site ͒ for the different atomic sites.
B. Pr 5 Ni 2 Si 3
Collinear magnetic moments
The calculated magnetization versus temperature ͑M vs T͒ curves for each of the different types of Pr atoms as well as the total magnetic moments for Pr 5 Ni 2 Si 3 compound have been calculated using the same method as with the Pr 6 Ni 2 Si 3 case, based on the assumption that all magnetic moments are collinear. The calculated M vs T curves are shown in Fig. 7 , in which the red/blue/green symbols represent the contributions of center/edge/corner atoms to the magnetization, and the black symbols represent the resultant total magnetization. The results show a monotonic decrease of M with T over the entire range of temperature. This is similar to that of the Pr 6 Ni 2 Si 3 compound. The calculated Curie temperature of 48 K is consistent with the experimentally measured value. The rate of decrease in magnetization with temperature is different for each of the different types of Pr atom, which is due to the difference in the number of nearest neighbors for each of the different types of Pr site leading to a difference in the exchange field ͑H eff site ͒ for the different atomic sites
Noncollinear magnetic moments
The experimentally determined magnetization versus temperature ͑M vs T͒ curves of Pr 5 Ni 2 Si 3 single crystal are shown in Figs. 8͑a͒ and 8͑b͒ , where M was measured ͑a͒ FIG. 6 . ͑Color online͒ Calculated M vs T curves using Brillouin functions for the Pr 6 Ni 2 Si 3 compound. Green and blue symbols represent the magnetization due to the Pr atoms at corner and edge sites, respectively. The black symbols are the sum of these two contributions, which correspond to the total magnetization.
FIG. 7.
͑Color online͒ Calculated M vs T curves using Brillouin functions for the Pr 5 Ni 2 Si 3 compound with collinear magnetic moments. Red/blue/ green symbols represent the magnetization due to the Pr atoms at the center/ edge/corner sites, respectively. The black symbols are the sum of these three contributions, which correspond to the resultant total magnetization of this compound.
parallel and ͑b͒ perpendicular to the c axis using a superconducting quantum interference device ͑SQUID͒ magnetometer. 7 These magnetizations are shown in terms of the net number of Bohr magnetons per Pr atom. The magnetic moment per Pr atom in the single ion state is 3.58 B . In the condensed matter state the value of this moment is likely to be different as indicated by preliminary experimental measurements using neutron diffraction. 8 In fact it appears that the Pr atoms on each of the three different types of lattice sites have different magnetic moments.
The fact that the maximum value of magnetization under a field of 0 H = 5 T was 55% of expected saturation for the component of magnetization parallel to the c axis M ʈc and 29% of expected saturation for the component of magnetization perpendicular to the c axis M Ќc indicates that the values of magnetization measured in both directions are not saturated even at a field of 0 H = 5 T and that the easy axis may be closer to the c axis than to the base plane. This can be explained by considering the atomic arrangement of Pr atoms. In the case of a Pr atom at the corner site, the Pr atom has 12 nearest neighbors as shown in Fig. 5͑d͒ . This also shows that the atomic arrangement of nearest neighbors around the Pr atom at the corner site is not symmetric and further suggests that the magnetic moments at the corner Pr atoms will tend to be tilted away from the c axis.
These predictions are also consistent with the neutron diffraction data which indicate that the component of magnetic moment along the c axis of the Pr atom at the corner site is 0.72 B . This could be interpreted to mean that the magnetic moment of the corner atoms is tilted 78°away from the c axis. Based on this the possible angles between the magnetic moments for each site were calculated and these were included in the calculation of the exchange interaction energy using Eq. ͑6͒.
The expected M vs T curves for each type of Pr atom were calculated. The results are shown in Fig. 9͑a͒ , which predicts a consistent Curie temperature for all sites, which agrees with the experimental results shown in Fig. 8 . From results of the calculated M vs T curves shown in Fig. 9͑a͒ the expected variation with temperature of the average angle of magnetic moment relative to the c axis for each type of Pr atom has been calculated and is shown in Fig. 9͑b͒ .
When it comes to the experimentally measured M Ќc -T curve shown in Fig. 8͑b͒ , a local maximum in magnetization was observed around 25 K under an applied magnetic field of 1 T and the transition temperature where the local maximum occurred was lowered as the magnitude of the applied magnetic field increased. According to the understanding achieved in the present work this behavior is considered to be due to the asymmetric exchange interactions at the corner sites. Symmetry arguments show that the direction of the component of magnetic moment of the corner atom in the base plane should be along the direction of broken symmetry, which is indicated for the different corner atoms in Fig. 10 . As a consequence, when the temperature decreases below a critical temperature ͑the spin reorientation temperature͒ the magnetic moments of the Pr atoms in the base plane reorient in such a way that they partially cancel each other out, thus reducing the component of resultant total magnetization in the plane.
IV. CONCLUSIONS
The variation of magnetization with temperature of Pr 6 Ni 2 Si 3 and Pr 5 Ni 2 Si 3 single crystal alloys has been calculated using a nearest neighbor exchange interaction approximation. In Pr 6 Ni 2 Si 3 two types of Pr atoms were classified, "corner" and "edge," based on the number of nearest neighbors. In Pr 5 Ni 2 Si 3 three types of Pr atoms were classified, "corner," "edge," and "center," based on the number of nearest neighbors. The results also showed that components of magnetic moments of Pr atoms at the corner sites have preferred orientation in the base plane with a sixfold symmetry. This sixfold preferred orientation in the base plane causes the component of magnetic moment in the base plane of each corner site to be partially canceled by the base plane components of magnetic moment of the other corner atoms, so that the resultant total magnetization was decreased. The critical temperature at which this occurs causes the second, or spin reorientation, transition to occur at about 25 K in Pr 5 Ni 2 Si 3 , which has been observed experimentally.
